Low-dimensional quantum spin systems by Bose, Indrani
ar
X
iv
:c
on
d-
m
at
/0
01
12
62
v1
  [
co
nd
-m
at.
str
-el
]  
15
 N
ov
 20
00
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(Leture Note for the SERC Shool held at Mehta Researh Institute,India) Abstrat. Low-
dimensional quantum spin systems are interating many body systems for whih sev-
eral rigorous results are known. Powerful tehniques like the Bethe Ansatz provide ex-
at knowledge of the ground state energy and low-lying exitation spetrum. A large
number of ompounds exists whih an eetively be desribed as low-dimensional
spin systems. Thus many of the rigorous results are also of experimental relevane.
In this Leture Note, an introdution is given to quantum spin systems and the rig-
orous results known for suh systems. Some general theorems and exatly-solvable
models are disussed. An elementary introdution to the Bethe Ansatz tehnique is
given.
1.Introdution
In Condensed Matter Physis, we study many body systems of dierent kinds. In a many body
system, a large number of entities interat with eah other and usually quantum eets are im-
portant. The entities may be fermions (eletrons in a metal, He
3
atoms ), bosons (He
4
atoms) or
loalised spins on some lattie. In my set of letures, we will disuss interating spin systems in
low dimensions. The spins are loated at the dierent sites of a lattie. The most well-known
model of interating spins is the Heisenberg model with the Hamiltonian
H =
∑
〈ij〉
J
ij
−→
Si.
−→
Sj (1)
−→
Si is the spin operator loated at the lattie site i . Jij denotes the strength of the exhange
interation. The spin | −→Si |an have a magnitude 1/2, 1, 3/2, 2,......et. The lattie, at the sites
of whih the spins are loated , is d-dimensional. Examples are a linear hain (d = 1), the square
lattie (d = 2 ) and the ubi lattie (d = 3). Ladders have strutures interpolating between the
hain and the square lattie. A n-hain ladder onsists of n hains oupled by rungs. The spin
dimensionality n denotes the number of omponents of a spin. The Ising, XY and Heisenberg
models orrespond to n =1, 2 and 3 respetively. The generalised Ising and XY Hamiltonians are:
HIsing =
∑
〈ij〉
JijS
z
i S
z
j (2)
Hxy =
∑
〈ij〉
Jij
[
Sxi S
x
j + S
y
i S
y
j
]
(3)
For the anisotropi XY model, Jxij 6= Jyij . Usually, the sites i and j are nearest-neighbours (n.n.s) on
the lattie and the Jij 's have the same magnitude J for all the n.n. interations. The Hamiltonian
in (1) beomes
H = J
∑
〈ij〉
−→
Si.
−→
Sj (4)
There are, however, other possibilities. We mention some examples :
(a) Alternating hain system :
H =
∑
j
[
1− (−1)jδ]−→Sj .−→S j+1 (5)
1
where 0 ≤ δ ≤1.
(b) Further-neighbour interations :
The well-known Majumdar-Ghosh hain [1℄ is desribed by the Hamiltonian
HMG = J
N∑
i=1
−→
S i.
−→
S i+1 + J/2
N∑
i=1
−→
S i.
−→
S i+2 (6)
The Haldane-Shastry model[2℄ has a Hamiltonian of the form
H = J
∑
〈ij〉
1
| i− j |2
−→
Si.
−→
Sj (7)
() Jij 's an be random in sign and magnitude [3℄.
(d)Quantum antiferromagneti hain with inommensuration [4℄.
(e) Mixed-spin system:
A good example is a hain of alternating spins 1 and 1/2 .
(f) Fully anisotropi Heisenberg Hamiltonian :
The Hamiltonian in 1d and for n.n. interation
HXY Z =
N∑
i=1
[
JxS
x
i S
x
i+1 + JyS
y
i S
y
i+1 + JzS
z
i S
z
i+1
]
(8)
The Ising and XY Hamiltonians are speial ases of HXY Z .
One we know the Hamiltonian of a spin system, we want to determine the eigenvalues and
the eigenfuntions of the system. This is, however, a diult task as the number of eigenstates
is huge . For a spin-1/2 system, the number is 2N where N is the number of spins. We usually
determine the ground state and the low-lying exited states in an approximate manner. Exat
knowledge an be obtained only in a few ases. The low-lying exitation spetrum speies the
low-temperature thermodynamis and the response to weak external elds. The spetrum may
have some universal features. In the ase of eletroni systems, there are two well-known universal
lasses: the Fermi liquids and the Luttinger liquids. We will learn about the universal features of
spin exitation spetra as we go on. The spin exitation spetrum an be gapless or an have a gap.
In the ase of a gapless exitation spetrum, there is at least one momentum wave vetor for whih
the exitation energy is zero. For a spetrum with gap, the lowest exitation is separated from
the ground state by an energy gap ∆. The temperature dependene of thermodynami quantities
is determined by the nature of the exitation spetrum (with or without gap). Again, one an
give examples from an eletroni system. For a fermi liquid, the eletroni exitation spetrum is
gapless and the eletroni spei heat Cn has a linear temperature dependene. A onventional
superondutor is haraterised by an energy gap ∆ in the eletroni exitation spetrum and the
eletroni spei heat cn ∼ exp− ∆kBT in the superonduting state.
The partition funtion Z of a thermodynami system is
Z =
∑
i
e
− Ei
kBT
(9)
where Ei 's are the energy levels and the sum is over all the states of the system. The free energy
F = −kBT lnZ (10)
The thermodynami quantities of a magneti system are:
Magneti energy :
Um = 〈H〉 = −Z−1 ∂Z
∂(1/kBT )
(11)
Entropy SH at onstant eld H :
2
SH = −
(
∂F
∂T
)
H
(12)
Magnetization MT at onstant temperature :
MT = −
(
∂F
∂H
)
T
(13)
Spei heat at onstant eld :
CH =
(
∂U
∂T
)
H
= T
(
∂S
∂T
)
H
= −T
(
∂2F
∂T 2
)
H
(14)
Isothermal suseptibility
χT =
(
∂M
∂H
)
T
= −
(
∂2F
∂H2
)
T
(15)
Spontaneous magnetizationMS (H = 0) is known as the order parameter and has a non-zero value
in the ordered phase of a magneti system. Suseptibility, known as a response funtion of the
system, is a measure of how the magnetization hanges as the external eld H is hanged. The
zero-eld suseptibility is
χ =
(
∂M
∂H
)
T,H=0
(16)
At low temperatures, only the lowest energy levels are exited and a knowledge of the low-lying
exitation spetrum enables one to determine the low temperature thermodynamis.
Exhange interation an give rise to magneti order below a ritial temperature. However,
for some spin systems, there is no magneti order even at T = 0. The three major types of
magneti order are ferromagnetism (FM), antiferromagnetism (AFM) and ferrimagnetism (Fi) .
For FM order, the n.n. spins have a tendeny towards parallel alignment, for AFM order, the n.n.
spins tend to be antiparallel whereas for Fi order, the n.n. spins favour antiparallel alignment but
the assoiated magneti moments have dierent magnitudes. In all the three ases, the magneti
order survives upto a ritial temperature Tc . The order parameter in the ase of an AFM is
the spontaneous sublattie magnetization. Another measure of the spontaneous order is in the
two-spin orrelation funtion. Long range order (LRO) exists in the magneti system if
limR→∞
〈−→
S (0).
−→
S (
−→
R )
〉
6= 0 (17)
where
−→
R denotes the spatial loation of the spin. At T = 0, the expetation value is in the ground
state and at T 6= 0, the expetation value is the usual thermodynami average.
The dynamial properties of a magneti system are governed by the time-dependent pair or-
relation funtions or their Fourier transforms. An important time-dependent orrelation funtion
is
G(R, t) =
〈−→
SR(t).
−→
S0(0)
〉
(18)
Dynamial orrelation funtion is the quantity measured in inelasti neutron sattering experi-
ments. The dierential sattering ross-setion in suh an experiment is given by
d2σ
dΩdω
∝ Sµµ(−→q , ω) (19)
=
1
N
∑
R
ei
−→q .−→R
∫ +∞
−∞
dteiωt 〈SµR(t)Sµ0 (0)〉 (20)
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where
−→q and ω are the momentum wave vetor and energy of the spin exitation. The spin
omponents, Sµ (µ = x, y, z ), are perpendiular to −→q . For a partiular −→q , the peak in
Sµµ(−→q , ω) ours at a value of ω whih gives the exitation energy. At T = 0,
Sµµ(−→q , ω) =
∑
λ
Mµλ δ(ω + Eg − Eλ) (21)
Eg (Eλ ) is the energy of the ground (exited) state and
Mµλ = 2π | 〈G | Sµ(−→q ) | λ〉 |2 (22)
Quantities of experimental interest inlude the dynamial orrelation funtion, various relax-
ation funtions and assoiated lineshapes.
2. Ground and exited states of the FM and AFM Heisenberg
Hamiltonian
Consider the isotropi Heisenberg Hamiltonian
H = J
∑
〈ij〉
−→
Si.
−→
Sj (23)
where 〈ij〉 denotes a n.n. pair of spins. The sign of the exhange interation determines the
favourable alignment of the n.n. spins. J > 0 ( J < 0) orresponds to AFM (FM) exhange
interation. To see how exhange interation leads to magneti order, treat the spins as lassial
vetors. Eah n.n. spin pair has an interation energy JS2 cos θ where θ is the angle between
n.n. spin orientations. When J is < 0, the lowest energy is ahieved when θ = 0, i.e., the
interating spins are parallel. The ground state has all the spins parallel and the ground state
energy Eg = −JNz2 S2 where z is the oordination number of the lattie. When J is > 0, the lowest
energy is ahieved when θ = π, i.e., the n.n. spins are antiparallel. The ground state is the Néel
state in whih n.n. spins are antiparallel to eah other. The ground state energy Eg = −JNz2 S2.
Magnetism, however, is a purely quantum phenomemon and the Hamiltonian (23) is to be
treated quantum mehanially rather than lassially. For simpliity, onsider the ase of a hain
of spins of magnitude 1/2. Periodi boundary ondition is assumed , i.e.,
−→
S N+1 =
−→
S 1 .
H = J
N∑
i=1
−→
Si.
−→
S i+1 = J
N∑
i=1
[
Szi S
z
i+1 +
1
2
(
S+i S
−
i+1 + S
−
i S
+
i+1
)]
(24)
where
S±i = S
x
i ± iSyi (25)
are the raising and lowering operators. For spins of magnitude
1
2 , S
z
has two possible values 1/2
and −1/2 (h¯ = 1). The orresponding states are denoted as |α〉 (up-spin) and |β〉 (down-spin)
respetively. The spin algebra is given by
Sz |α〉 = 1
2
|α〉
Sz |β〉 = −1
2
|β〉
S+ |α〉 = 0
S+ |β〉 = |α〉
S− |α〉 = |β〉
S− |β〉 = 0 (26)
4
It is easy to hek that in the ase of a FM, the lassial ground state is still the quantum
mehanial ground state with the same ground state energy. However, the lassial AFM ground
state (the Néel state) is not the quantum mehanial ground state. The determination of the exat
AFM ground state is a tough many body problem and the solution an be obtained with the help
of the Bethe Ansatz tehnique (Setion 4).
For a FM, the low-lying exitation spetrum an be determined exatly. Exitations are reated
by deviating spins from their ground state arrangement. Deviate a single spin in the FM ground
state |αααα......αααα〉. The number of suh states is N as the deviated spin an be at any one of
the N loations (sites). The atual eigenfuntion Ψ is a linear ombination of these states:
Ψ =
N∑
m=1
a(m)ψ(m) (27)
where m denotes the loation of the deviated spin and runs from 1 to N. The wave funtion ψ(m)
has a down spin β at the mth site.
ψ(m) = |αααα.....βαα....αα〉 (28)
To solve the eigenvalue problem
HΨ = EΨ (29)
one has to determine the unknown oeients a(m).
H
∑
m
a(m)ψ(m) = E
∑
m
a(m)ψ(m) (30)
Multiply by ψ∗ (l) on both sides to get
∑
m
a(m) 〈ψ(l)|H |ψ(m)〉 = E
∑
m
a(m) 〈ψ(l)| ψ(m)〉
= E
∑
m
a(m)δml
= Ea(l) (31)
On the l.h.s., only those terms survive for whih H |ψ(m)〉 = |ψ(l)〉. Consider the FM version
of the Heisenberg Hamiltonian in (24),i.e., replae J by -J with J> 0. The Hamiltonian H is a sum
of two parts:
H = Hz +HXY (32)
We onsider the eet of eah Hamiltonian on a n.n. spin pair. The following rules hold true. Hz
ating on a parallel (antiparallel) spin pair gives -J/4 (J/4) times the same spin pair.
− JSzi Szi+1 |αα〉 = −
J
4
|αα〉 ,−JSzi Szi+1 |αβ〉 =
J
4
|αβ〉 (33)
HXY ating on a parallel spin pair gives zero and ating on an antiparallel spin pair interhanges
the spins with the oeient −J/2
− J
2
(S+i S
−
i+1 + S
−
i S
+
i+1) |αα〉 = 0
−J
2
(S+i S
−
i+1 + S
−
i S
+
i+1) |αβ〉 = −
J
2
|βα〉
−J
2
(S+i S
−
i+1 + S
−
i S
+
i+1) |βα〉 = −
J
2
|αβ〉 (34)
5
In the wave funtion ψ(m) , there are (N−2) parallel and 2 antiparallel pairs of spins. Applying
the rules of spin algebra, we get from (31),
Ea(l) =
[
−J
4
(N − 2) + J
4
× 2
]
a(l)− J
2
[a(l + 1) + a(l − 1)]
ǫa(l) = J2 [2a(l)− a(l + 1)− a(l − 1)] (35)
where, ǫ = E + JN4 , is the energy of the exited state measured w.r.t. the ground state energy
Eg = −JN4 . The solution for a(l) in (35) is
a(l) = eikl (36)
and we get
ǫ = J(1− cos(k)) (37)
From the PBC,
a(l) = a(l +N) (38)
whih leads to
eikN = 1 (39)
or, k = 2piN λ, λ = 0, 1, 2, ....., N − 1 .
The exited state onsists of a deviated down spin propagating along the hain. The exitation
is alled a spin wave or a magnon. For r down spins (r = 2,3,4,... et.), we have r magnon
exitations. The r magnons an satter against eah other giving rise to a ontinuum of sattering
states or they an form bound states. The exat bound state spetrum an be derived using the
BA (Setion 4). The ase of the AFM Heisenberg Hamiltonian will be onsidered in this Setion.
The BA tehnique is appliable to quantum many body systems only in 1d. However, not
all 1d quantum many body problems an be solved by the BA. For suh problems as well as for
models in higher dimensions, approximate tehniques are used to gain knowledge of the ground
state and the exitation spetrum [5, 6℄.
3. Theorems and rigorous results for Heisenberg AFMs
A. Lieb-Mattis theorem [7℄: For general spin and for all dimensions and also for a bipartite
lattie, the entire eigenvalue spetrum satises the inequality
E0(S) ≤ E0(S + 1)
where E0(S) is the minimum energy orresponding to total spin S. The weak inequality beomes
a strit inequality for a FM exhange oupling between spins of the same sublattie. The theorem
is valid for any range of exhange oupling and the proof does not require PBC. The ground
state of the S=1/2 Heisenberg AFM with an even number N of spins is a singlet aording to the
Lieb-Mattis theorem.
B. Marshall's sign rule [6, 8℄:
The rule speies the struture of the ground state of a n.n. S = 1/2 Heisenberg Hamiltonian
dened on a bipartite lattie. The rule an be generalised to spin S, n.n.n. FM interation but
not to n.n.n. AFM interation. A bipartite lattie is a lattie whih an be divided into two
sublatties A and B suh that the n.n. spins of a spin belonging to the A sublattie are loated
in the B sublattie and vie versa. Examples of suh latties are the linear hain, the square and
the ubi latties. Aording to the sign rule, the ground state ψ has the form
|ψ〉 =
∑
µ
Cµ |µ〉 (40)
6
where |µ〉 is an Ising basis state. The oeient Cµ has the form
Cµ = (−)pµaµ (41)
with aµ real and ≥0 and pµ is the number of up-spins in the A sublattie.
Proof: We write the AFM Heisenberg Hamiltonian in the form
H = 2J
∑
<ij>
(
−→
S i.
−→
S j − 1
4
)
= 2J
∑
<ij>
(Szi S
z
j −
1
4
) + J
∑
<ij>
[
S+i S
−
j + S
−
i S
+
j
]
(42)
= Hz +HXY (43)
Let mµ be the z-omponent of the total spin and qµ the number of antiparallel bonds in the spin
state |µ〉. Hz ating on a parallel spin pair gives zero and ating on an antiparallel spin pair gives
−J . HXY ating on a parallel spin pair gives zero and interhanges the spins in the ase of an
antiparallel spin pair. In the latter ase, mµ and qµ are unhanged and pµ → pµ ± 1 .
H |ψ〉 = J
∑
µ
Cµ{−qµ |µ〉+
∑
ν
|ν〉} (44)
where |ν〉 diers from |µ〉 by one interhange of antiparallel n.n.s. There are qµ suh states.
Ec =
〈ψ | H | ψ〉
〈ψ | ψ〉
=
J
∑
µ{−qµC∗µCµ +
∑
ν C
∗
νCµ}∑
µ | Cµ |2
=
J
∑
µ
∑
ν Cµ
[−C∗µ + C∗ν ]∑
µ | Cµ |2
(45)
Let
Cµ = (−1)pµaµ (46)
where aµ is arbitrary. Sine pν = pµ ± 1, from (46),
CµC
∗
ν = (−1)2pµ±1aµa∗ν
= −aµa∗ν (47)
Also, CµC
∗
µ = aµa
∗
µ. From (45),
Ec = −J
∑
µ
∑
ν aµ
[
a∗µ + a
∗
ν
]
∑
µ a
∗
µaµ
(48)
Now, sine µ, ν are dummy indies
∑
µ
∑
ν
aµa
∗
ν =
1
2
∑
µ
∑
ν
[
aµa
∗
ν + a
∗
µaν
]
(49)
If aµ,aν are real and positive, aµ →| aµ |, aν →| aν |and
aµaν =| aµ || aν | (50)
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If aµ,aν are omplex, the term in (49) is
1
2{| aµ | eiφµ | aν | e−iφν+ | aµ | e−iφµ | aν | eiφν} =| aµ || aν | cos(φµ − φν)
≤| aµ || aν |
The energy Ec in (45) an be redued by hoosing aµ's to be real and ≥0 (proved).
C. Lieb, Shultz and Mattis theorem[6, 9℄:
A half-integer S spin hain desribed by a reasonably loal Hamiltonian respeting translational
and rotational symmetry either has gapless exitation spetrum or has degenerate ground states,
orresponding to spontaneously broken translational symmetry.
Proof: We onsider the Heisenberg AFM Hamiltonian in (24). A rigorous proof of uniqueness
(non-degeneray) of the ground state |ψ0〉 exists in this ase. We wish to prove that there is a low
energy exitation of O(1/L), where L is the length of the hain. The proof onsists of two steps :
(i) Construt a state |ψ1〉 whih has low energy, i.e.,
〈ψ1| (H − E0) |ψ0〉 = O(1/L) (51)
(ii) Show that |ψ1〉 is orthogonal to the ground state |ψ0〉. The state |ψ1〉 is onstruted by applying
an unitary transformation on |ψ0〉 whih gives rise to a slowly varying rotation of the spins about
the z-axis.
|ψ1〉 = U |ψ0〉
U = exp
[
i
2π
L
∑
n
nSzn
]
(52)
The operator U rotates the nth spin by the small angle
2pin
L about the z-axis. The spin oordinates
are rotated by 2π about the z-axis between the rst and last sites. Note the spin identities
eiθS
z
S+e−iθS
z
= eiθS+
eiθS
z
S−e−iθS
z
= e−iθS− (53)
Now,
〈ψ1| (H − E0) |ψ1〉 = 〈ψ0|U−1(H − E0)U |ψ0〉 (54)
The Hamiltonian H in (24) onsists of two parts Hz and HXY . Hz ommutes with U. Therefore,
〈ψ0|U−1HU |ψ0〉 = 〈ψ0|Hz |ψ0〉+ 〈ψ0|U−1HXY U |ψ0〉
= 〈ψ0|H |ψ0〉 − 〈ψ0|HXY |ψ0〉+ 〈ψ0|U−1HXY U |ψ0〉
= E0 − {1
2
〈
S+i S
−
i+1
〉
+ h.c.}+ 〈ψ0|U−1HXY U |ψ0〉 (55)
In the last term, making use of the spin identities, we get
U−1S+i S
−
i+1U = U
−1S+i UU
−1S−i+1U
= e−i
2pi
L
iS+i e
i 2pi
L
(i+1)S−i+1
= ei
2pi
L S+i S
−
i+1 (56)
So, from (54) - (56),
〈ψ1| (H − E0) |ψ1〉 = 1
2
{
[
ei
2pi
L − 1
]∑
i
〈
S+i S
−
i+1
〉
+ h.c.} (57)
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Sine the ground state is unique it must be isotropi implying〈
S+i S
−
i+1
〉
=
〈
S−i S
+
i+1
〉
(58)
Thus,
〈ψ1| (H − E0) |ψ1〉 =
[
cos(
2π
L
)− 1
]∑
i
〈
S+i S
−
i+1
〉
(59)
Sine S+i S
−
i+1 is a bounded operator,
〈ψ1| (H − E0) |ψ1〉 = O(1/L) (60)
In the limit L →∞ , the r.h.s. of (60)→ 0.
Construting a low-energy state, however, proves nothing. The state may beome equal to the
ground state as L→∞ . To omplete the proof, we have to show that this does not happen. This
an be done by showing that |ψ1〉 are |ψ0〉 are orthogonal to eah other. We will now show that
|ψ1〉 has momentum π relative to the ground state |ψ0〉 whih , being unique, is also a momentum
eigenstate. Thus the two states are orthogonal to eah other. Let T be the translation operator
whih produes a translation by one site.
TSjT
−1 = Sj+1, TSNT−1 = S1 (61)
TUT−1 = exp
[
i
2π
L
L−1∑
n=1
nSzn+1 + LS
z
1
]
= Uexp
[
−i2π
L
L∑
n=1
Szn
]
ei2piS
z
1
(62)
The ground state has total spin zero sine it is unique and so the rst exponential has the value
1. Thus,
T |ψ1〉 = TU |ψ0〉 = TUT−1T |ψ0〉
= ei2piS
z
1UT |ψ0〉 (63)
The exponential is -1 sine Sz1 has eigenvalues ± 12 . So,
T |ψ1〉 = −UT |ψ0〉 = ei(pi+k0)U |ψ0〉
= ei(pi+k0) |ψ1〉 (64)
where k0 is the momentum wave vetor of the ground state. The state |ψ1〉 has momentum
wave vetor π relative to the ground state |ψ0〉 and is thus orthogonal to it. This ompletes
the proof of the LSM theorem for the S=1/2 Heisenberg AFM Hamiltonian in 1d. The proof
extends immediately to arbitrary half-odd integer S but fails in the integer S ase. For the latter,
the exponential in (63) is +1 and it annot be proved that |ψ1〉 and |ψ0〉 are orthogonal to eah
other. If the translational symmetry is spontaneously broken in the ground state, the ground
state develops degeneray (Eq.(60) is still true but |ψ1〉 is another ground state as L →∞ ). The
exitation spetrum has a gap in this ase.
In the presene of a magneti eld, the S=1/2 HAFM hain has gapless exitation spetrum
from zero eld upto a saturation eld, at whih the ground state beomes the fully polarized
ferromagneti ground state. For integer S, Haldane made a onjeture that the exitation spetrum
has a gap. This onjeture has been veried both theoretially and experimentally [10℄. In the
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presene of a magneti eld, the gap persists up to a ritial eld, equal to the gap. The spetrum
is gapless from the ritial eld to a saturation eld. The Lieb-Sultz-Mattis (LSM) theorem an
be extended to the ase of an applied magneti eld [11℄. In this ase, a striking phenomenon
analogous to the quantum Hall eet ours. The phenomenon is that of magnetization plateaus.
The ontent of the extended theorem is : translationally invariant spin hains in an applied eld
an have a gapped exitation spetrum, without breaking translational symmetry, only when the
magnetization/site m obeys the relation
S −m = integer (65)
where S is the magnitude of the spin. The proof is an easy extension of that of the LSM theorem.
The gapped phases orrespond to magnetization plateaus in the m vs. H urve at the quantized
values of m whih satisfy (65). Whenever there is a gap in the spin exitation spetrum, it is
obvious that the magnetization annot hange in hanging external eld. Frational quantization
an also our, if aompanied by (expliit or spontaneous ) breaking of the translational symmetry.
In this ase, the plateau ondition is given by
n(S −m) = integer (66)
where n is the period of the ground state. Hida [12℄ has onsidered a S=1/2 HAFM hain with
period 3 exhange oupling. A plateau in the magnetization urve ours at m=1/6 (1/3 of full
magnetization). In this ase, n = 3, S = 1/2 and m = 1/6 and the quantization ondition in (66)
is obeyed.
D. Mermin-Wagner's theorem [6, 13℄ :
There annot be any AFM LRO at nite T in dimensions d = 1 and 2. AFM LRO an, however,
exist in the ground states of spin models in d = 2. LRO exists in the ground state of the 3d
HAFM model for spin S≥ 1/2 [14℄. At nite T, the LRO persists upto a ritial temperature Tc.
For square [15℄ and hexagonal [16℄ latties, LRO exists in the ground state for S≥ 1. The above
results are based on rigorous proofs. No suh proof exists as yet for S=1/2, d =2 ( this ase is of
interest beause the CuO2 plane of the high-Tc uprate systems is a S = 1/2 2d AFM ).
3. Possible ground states and exitation spetra
The Néel state is not the ground state of the quantum Heisenberg Hamiltonian. the Néel
state, we know, has perfet AFM LRO. It is still possible that the true ground state of a quantum
Hamiltonian has Néel-type order, i.e., non-zero sublattie magnetization. The ground state is
essentially the Néel state with quantum utuations mixed in. This piture does indeed desribe
the ground state of the HAFM in d ≥ 2. The ground state of the HAFM in 1d has no LRO and is
an example of a spin liquid . Even in higher dimensions, one an have disordered ground states due
to what is known as frustration. Frustration ours when the interation energies assoiated with
all the spin pairs annot be simultaneously minimized. This may our due to lattie topology
or due to the presene of further-neighbour interations. The triangular [17℄, kagomé[18℄ and
pyrohlore latties [19℄ are well-known examples of frustrated latties. Another reent example is
the pentagonal lattie [20℄. In these latties, the number of bonds in eah elementary plaquette
is odd. We illustrate frustration by onsidering Ising spins on a triangular plaquette. Eah Ising
spin, sitting at a vertex of the triangle, an be either up or down. AFM exhange interation
energy is minimized if the n.n. spin pairs are antiparallel. As Figure 1 shows, not all the three
n.n. spin pairs an be simultaneously antiparallel. The parallel spin pair may be loated on any
one of the bonds of the triangle. In fat, the ground state of the Ising AFM on the triangular
lattie is highly degenerate. The entropy/spin has a non-zero value in the ground state and there
is no ordering of the spins. If there is a mixture of FM and AFM interations, then a spin model
dened on an unfrustrated lattie like the square lattie (eah elementary plaquette, a square, has
four bonds) an also exhibit frustration, if the number of n.n. AFM interations in a plaquette is
odd. Frustration also ours if both n.n. as well as n.n.n. interations are present. Frustration
favours disordered ground states but does not rule out AFM LRO in the ground state. The Ising
AFM on the triangular lattie has a disordered ground state but various alulations suggest that
the HAFM Hamiltonian on the triangular lattie has AFM LRO [21℄.
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Various types of disordered ground states are possible: dimer, resonating valene bond (RVB),
twisted, hiral and strip or ollinear states. The lowest energy onguration of two spins interating
via the HAFM exhange interation is a spin singlet with energy -3J/4. The singlet is often termed
a valene bond (VB) or dimer (an objet whih oupies two sites). A pitorial representation
of a VB between spins at sites i and j is a solid line joining the sites. The square lattie with
N sites an be overed by N/2 VBs in various possible ways. Eah possibility orresponds to a
VB state. A RVB state is a oherent linear superposition of VB states (Figure 2). The 2d S
= 1/2 AFM CaV4O9 has a lattie struture orresponding to a 1/5-depleted square lattie. The
lattie onsists of plaquettes of four spins onneted by bonds. The ground state of the AFM is
the Plaquette RVB (PRVB) state [22℄. In this state, the spin onguration in eah plaquette is a
linear ombination of two VB ongurations. In one of these the two singlet bonds are horizontal
and in the other they are vertial. Bose and Ghosh [23℄ have onstruted a spin model for whih
the PRVB state is the exat ground state. The triplet exitation is separated from the ground
state by an energy gap and singlet exitations fall within the gap.
In a olumnar dimer state, the dimers or VBs are arranged in olumns. A desription of the
other disordered ground states an be obtained from Ref. [24℄. The disordered ground states do
not have onventional LRO but are not simple paramagnets. One an dene suitable operators,
the expetation values of whih in the appropriate ground states are non-zero. The states, with
dierent types of order, are desribed as quantum paramagnets. There is a huge literature on
AFM spin models with disordered ground states. This is mainly beause of the relevane of suh
studies for high temperature superondutivity. The ommon strutural ingredient of the high-Tc
uprate systems is the CuO2 plane. It looks like a square lattie with Cu
2+
ions loated at the
lattie sites and oxygen ions sitting on the bonds in between. The Cu2+ ions arry spin-1/2 and
the n.n. spins interat via the HAFM exhange interation Hamiltonian. In the undoped state,
the uprates exhibit AFM LRO below the Néel temperature. On doping the systems with a few
perent of holes, the AFM LRO is rapidly destroyed leaving behind a spin disordered state. It
is important to understand the nature of the spin disordered state as this state serves as the
referene state into whih holes are introdued on doping. The holes are responsible for harge
transport in the metalli state and forms bound pairs in the superonduting state. We now
disuss some spin models for whih the ground state properties (energy and wave funtion as well
as orrelation funtions) an be alulated exatly. The rst model is desribed by the Majumdar-
Ghosh Hamiltonian [1, 6℄. This is dened in 1d for spins of magnitude 1/2. The Hamiltonian is
AFM in nature and inludes both n.n. as well as n.n.n. interations. The strength of the latter is
half that of the former.
HMG = J
N∑
i=1
−→
S i.
−→
S i+1 + J/2
N∑
i=1
−→
S i.
−→
S i+2 (67)
The exat ground state of HMG is doubly degenerate and the states are
φ1 ≡ [12][34].......[N − 1N ]
φ2 ≡ [23][45]........[N1] (68)
where [lm℄ denotes a singlet spin onguration for spins loated at the sites l and m. Also, PBC is
assumed. One nds that translational symmetry is broken in the ground state. The proof that φ1
and φ2 are the exat ground states an be obtained by the method of `divide and onquer'. One
an verify that φ1 and φ2 are exat eigenstates of HMG by applying the spin identity
−→
S n.(
−→
S l +
−→
S m)[lm] = 0 (69)
Let E1 be the energy of φ1 and φ2 . Let Eg be the exat ground state energy. Then
Eg ≤ E1 (70)
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One divides the Hamiltonian H into sub-Hamiltonians, Hi 's, suh that H =
∑
iHi. Hi an be
exatly diagonalised and let Ei0 be the ground state energy. Let ψg be the exat ground state
wave funtion. By variational theory,
Eg = 〈ψg|H |ψg〉 =
∑
i
〈ψg|Hi |ψg〉 ≥
∑
i
Ei0 (71)
From (70) and (71), one gets ∑
i
Ei0 ≤ Eg ≤ E1 (72)
If one an show that
∑
iEi0 = E1 , then E1 is the exat ground state energy. For the MG-hain,
the sub-Hamiltonian Hi is
Hi = J/2(
−→
S i.
−→
S i+1 +
−→
S i+1.
−→
S i+2 +
−→
S i+2.
−→
S i) (73)
There are N suh sub-Hamiltonians. One an easily verify that Ei0 = −3J/8 and E1 = −3J4 N2
(-3J/4 is the energy of a singlet and there are N/2 VBs in φ1 and φ2 ). From (72), one nds that
the lower and upper bounds of Eg are equal and hene φ1 and φ2 are the exat ground states with
energy E1 = −3JN/8 . There is no LRO in the two-spin orrelation funtion in the ground state:
K2(i, j) =
〈
Szi S
z
j
〉
=
1
4
δij − 1
8
δ|i−j|,1 (74)
The four-spin orrelation funtion has o-diagonal LRO.
K4(ij, lm) =
〈
Sxi S
x
j S
y
l S
y
m
〉
= K2(ij)K2(lm) +
1
64
δ|i−j|,1δ|l−m|,1
× exp(iπ( i + j
2
− l +m
2
)) (75)
Let T be the translation operator for unit displaement. Then
Tφ1 = φ2, Tφ2 = φ1 (76)
The states
φ+ =
1√
2
(φ1 + φ2), φ
− =
1√
2
(φ1 − φ2) (77)
orrespond to momentum wave vetors k = 0 and k = π . The exitation spetrum is not exatly
known. Shastry and Sutherland [25℄ have derived the exitation spetrum in the basis of `defet'
states. A defet state has the wave funtion
ψ(p,m) = ....[2p− 3, 2p− 2]α2p−1[2p, 2p+ 1]
....[2m− 2, 2m− 1]α2m[2m+ 1, 2m+ 2] (78)
where the defets (α2p−1 and α2m ) separate two ground states. The two defets are up-spins and
the total spin of the state is 1. Similarly, the defet spins an be in a singlet spin onguration so
that the total spin of the state is zero. Beause of PBC, the defets our in pairs. A variational
state an be onstruted by taking a linear ombination of the defet states. The exitation
spetrum onsists of a ontinuum with a lower edge at J(5/2 − 2 | cosk |). A bound state of
the two defets an our in a restrited region of momentum wave vetors. The MG hain has
been studied for general values αJ of the n.n.n. interation [26℄. The ground state is known
exatly only at the MG point α = 1/2 .The exitation spetrum is gapless for 0 < α < αcr (≃
12
0.2411).Generalizations of the MG model to two dimensions exist [27,28℄. The Shastry-Sutherland
model [27℄ is dened on a square lattie and inludes diagonal interations as shown in Figure 3.
The n.n. and diagonal exhange interations are of strength J1 and J2 respetively. For
J1
J2
below a
ritial value ∼ 0.7, the exat ground state onsists of singlets along the diagonals. At the ritial
point, the ground state hanges from the gapful disordered state to the AFM ordered gapless
state. The ompound SrCu2(BO3)2 is well-desribed by the Shastry-Sutherland model [29℄. Bose
and Mitra [28℄ have onstruted a J1 − J2 − J3 − J4 − J5 spin-1/2 model on the square lattie.
J1, J2, J3, J4 and J5 are the strengths of the n.n., diagonal , n.n.n., knight's-move-distane-away
and further-neighbour -diagonal exhange interations (Figure 4). The four olumnar dimer states
(Figure 5) have been found to be the exat eigenstates of the spin Hamiltonian for the ratio of
interation strengths
J1 : J2 : J3 : J4 : J5 = 1 : 1 : 1/2 : 1/2 : 1/4 (79)
It has not been possible as yet to prove that the four olumnar dimer states are also the ground
states. Using the method of `divide and onquer', one an only prove that a single dimer state is
the exat ground state with the dimer bonds of strength 7J. The strengths of the other exhange
interations are as speied in (79).
In Setion 2, we have disussed the LSM theorem, the proof of whih fails for integer spin hains.
Haldane [30,10℄ in 1983 made the onjeture, based on a mapping of the HAFM Hamiltonian, in
the long wavelength limit, onto the nonlinear σ model, that integer-spin HAFM hains have a
gap in the exitation spetrum. The onjeture has now been veried both theoretially and
experimentally [31℄. In 1987, Aek, Kennedy, Lieb and Tasaki (AKLT) onstruted a spin-1
model in 1d for whih the ground state ould be determined exatly [32℄. Consider a 1d lattie,
eah site of whih is oupied by a spin-1. Eah suh spin an be onsidered to be a symmetri
ombination of two spin-1/2's. Thus, one an write down
ψ++ = |++〉 , Sz = +1
ψ−− = |−−〉 , Sz = −1
ψ+− =
1√
2
(|+−〉+ |−+〉), Sz = 0
ψ−+ = ψ+− (80)
where `+' (`−') denotes an up (down) spin.
AKLT onstruted a valene bond solid (VBS) state in the following manner. In this state, eah
spin-1/2 omponent of a spin-1 forms a singlet (valene bond) with a spin-1/2 at a neighbouring
site. Let ǫαβ (α, β = +or −) be the antisymmetri tensor :
ǫ++ = ǫ−− = 0, ǫ+− = −ǫ−+ = 1 (81)
A singlet spin onguration an be expressed as
1√
2
ǫαβ |αβ〉 , summation over repeated indies
being implied. The VBS wave funtion (with PBC) an be written as
|ψV BS〉 = 2−N2 ψα1β1ǫβ1α2ψα2β2ǫβ2α3 .......
ψαiβiǫ
βiαi+1 ........ψαNβN ǫ
βNα1
(82)
|ψV BS〉 is a linear superposition of all ongurations in whih eah Sz = +1 is followed by a
Sz = −1 with an arbitrary number of Sz = 0 spins in between and vie versa. If one leaves out
the zero's, one gets a Néel-type of order. One an dene a non-loal string operator
σαij = −Sαi exp(iπ
j−1∑
l=i+1
Sαl )S
α
j , (α = x, y, z) (83)
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and the order parameter
Oαstring = lim|i−j|→∞
〈
σαij
〉
(84)
The VBS state has no onventional LRO but is haraterised by a non-zero value 4/9 of Oαstring .
After onstruting the VBS state, AKLT determined the Hamiltonian for whih the VBS state is
the exat ground state. The Hamiltonian is
HAKLT =
∑
i
P2(
−→
Si +
−→
S i+1) (85)
where P2 is the projetion operator onto spin 2 for a pair of n.n. spins. The presene of a VB
between eah neighbouring pair implies that the total spin of eah pair annot be 2 (after two of
the S=1/2 variables form a singlet, the remaining S=1/2's ould form either a triplet or a singlet).
Thus, HAKLT ating on |ψV BS〉 gives zero. Sine HAKLT is a sum over projetion operators, the
lowest possible eigenvalue is zero. Hene, |ψV BS〉 is the ground state of HAKLT with eigenvalue
zero. The AKLT ground state (the VBS state) is spin-disordered and the two-spin orrelation
funtion has an exponential deay.The total spin of two spin-1's is 2, 1 or 0. The projetion
operator onto spin j for a pair of n.n. spins has the general form
Pj(
−→
S i +
−→
S i+1) =
∏
l 6=j
[
l(l+ 1)−−→S 2
]
[l(l + 1)− j(j + 1)] (86)
where
−→
S =
−→
Si +
−→
S i+1. For the AKLT model, j =2 and l = 1, 0. From (85) and (86),
HAKLT =
∑
i
[
1
2
(
−→
S i.
−→
S i+1) +
1
6
(
−→
S i.
−→
S i+1)
2 +
1
3
]
(87)
The method of onstrution of the AKLT Hamiltonian an be extended to higher spins and to
dimensions d >1. The MG Hamiltonian (apart from a numerial prefator and a onstant term)
an be written as
H =
∑
i
P3/2(
−→
S i +
−→
S i+1 +
−→
S i+2) (88)
The S=1 HAFM and the AKLT hains are in the same Haldane phase, haraterised by a gap in
the exitation spetrum. The physial piture provided by the VBS ground state of the AKLT
Hamiltonian holds true for real systems [33℄. The exitation spetrum of HAKLT annot be
determined exatly. Arovas et al [34℄ have proposed a trial wave funtion
|k〉 = N− 12
N∑
j=1
eikjSµj |ψV BS〉 , µ = z,+,− (89)
and obtained
ǫ(k) =
〈k|HV BS |k〉
< k | k > =
25 + 15cos(k)
27
(90)
The gap in the exitation spetrum ∆ = 1027 at k = π. Another equivalent way of reating
exitations is to replae a singlet bond by a triplet spin onguration [35℄.
We end this Setion with a brief mention of spin ladders. The subjet of spin ladders is a
rapidly growing area of researh [36,37,38℄. Ref. [38℄ gives an exhaustive overview of real systems
with ladder-like struture and the results of various experiments on ladder ompounds. A spin
ladder onsists of n hains ( n = 2,3,4,...et.) oupled by rungs. The simplest spin ladder (Figure
6) orresponds to n = 2. Eah site of the ladder is oupied by a spin-1/2. Let J and JR be
the strengths of the intrahain n.n. and rung exhange interations. When JR = 0 , the ladder
deouples into two HAFM hains for whih the exitation spetrum is known to be gapless. A gap
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opens up in the exitation spetrum even for an innitesimal value of JR and persists for all values
of JR . When JR is >> J, the ground state predominantly onsists of singlets along the rungs
of the ladder. The ground state is spin-disordered. A triplet exitation is reated by replaing a
rung singlet by a triplet and letting it propagate. The n-hain spin ladder exhibits the `odd-even'
eet. The exitation spetrum is gapless (with gap) when n is odd (even). When n is odd, the
spin-spin orrelation funtion has a power-law deay as in the ase of the HAFM S = 1/2 hain.
For n even, the ground state orrelation funtion has an exponential deay. For n suiently large,
the square lattie limit is reahed with AFM LRO in the ground state and a gapless exitation
spetrum. Bose and Gayen [39℄ have onstruted a two-hain spin ladder model whih inludes
diagonal exhange interations of strength J. When JR >> 2J, the exat ground state onsists of
singlets along the rungs. Later, Xian [39℄ has shown that the same exat ground state is obtained
for
JR
J >
JR
Jc
≃ 1.40148. Ghosh and Bose [40℄ have generalised the two-hain ladder model to an
n-hain model for whih the `odd-even' eet an be exatly demonstrated.
The spin ladder an be doped with holes. Two holes an form a bound state as in the ase of
high-Tc uprate systems. The binding of two holes in a t-J ladder model has been shown through
exat, analyti alulations [41℄. A ladder ompound has been disovered whih shows superon-
dutivity (maximum Tc ∼ 12K ) on doping with holes and under pressure. In the superonduting
state, the holes form bound pairs. Again, the analogy with the uprate systems is strong. For
detailed information on undoped and doped spin ladders, see the Refs. [36,38℄.
4. The Bethe Ansatz
The Bethe Ansatz (BA) was formulated by Bethe in 1931 [42℄ and desribes a wave funtion
with a partiular kind of struture. Bethe onsidered a well-known model in magnetism, the spin-
1/2 Heisenberg linear hain in whih only n.n. spins interat. The wave funtion of the interating
many body system has the BA form. For ferromagneti (FM) interations, Bethe starting with
the BA wave funtion derived the energy dispersion relations of spin wave (magnon) bound states
exatly. Hulthén [43℄ used the BA method to derive an exat expression for the ground state
energy of the antiferromagneti (AFM) spin-1/2 Hamiltonian. In later years, it was realized that
the method has a wider appliability and is not onned to magneti spin hains. In fat, many
of the exat solutions of interating many body systems are but variations or generalizations of
Bethe's method. Examples inlude the Fermi and Bose gas models in whih partiles on a line
interat through delta funtion potentials [44℄, the Hubbard model in 1d [45℄, 1d plasma whih
rystallizes as a Wigner solid [46℄, the Lai-Sutherland model [47℄whih inludes the Hubbard model
and a dilute magneti model as speial ases, the Kondo model in 1d [48℄, the single impurity
Anderson model in 1d [49℄, the supersymmetri t-J model (J =2t) [50℄ et. In the ase of quantum
models, the BA method is appliable only to 1d models. The BA method has also been applied
to derive exat results for lassial lattie statistial models in 2d. In the following we show how
the BA method works by onsidering the spin-1/2 linear hain Heisenberg model mentioned in the
beginning. The Hamiltonian for the linear hain is given by
H = −J
N∑
i=1
−→
S i.
−→
S i+1 (91)
desribing the interation of spins loated at n.n. lattie sites. The total number of spins is given
by N. The magnitude of the spin at eah site is given by 1/2. Periodi boundary ondition (PBC)
is assumed so that N + 1 ≡1. We onsider the interation to be ferromagneti so that the exhange
onstant J is > 0. The Hamiltonian desribes magneti insulators in whih magneti moments are
loalized on well-separated atoms. The Hamiltonian (91) an be written as
H = −J
N∑
i=1
[
Szi S
z
i+1 +
1
2
(S+i S
−
i+1 + S
−
i S
+
i+1)
]
(92)
There are two onserved quantities:
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Sz =
N∑
i=1
Szi , [S
z, H ] = 0
−→
S =
N∑
i=1
−→
S i, [
−→
S
2
, H ] = 0 (93)
Sine Sz is a onserved quantity, there is no mixing of subspaes orresponding to the dierent
values of Sz, thus making it easier to solve the eigenvalue problem. Dene the spin deviation
operator
n =
N
2
+ Sz (94)
The FM ground state ψg orresponds to n =0, i.e., S
z = −N2 with all the spins pointing downwards:
ψg = β(1)β(2).......β(N) (95)
The ground state energy is Eg = −J N4 .
For n = r, we have r up -spins at the sites m1,m2, .....mr. The eigenfuntion ψ of H in the n
= r subspae is a linear ombination of the
NCr funtions ψ(m1,m2, ......,mr) :
ψ =
∑
{m}
a(m1,m2, ......,mr)ψ(m1,m2, ......,mr), {m} = (m1,m2, ......,mr) (96)
The summation is over all the mi 's running over 1 to N subjet to the ondition
m1 < m2 < ....... < mr (97)
to avoid overounting of states. We now onsider the operation of the Hamiltonian H given in (92)
on ψ. The rules of the spin algebra are:
(a) if two neighbouring spins are parallel, the term S+S− + S−S+ in H gives no ontribution.
The SzSz term on the other hand gives −J4 times the same state ψ({m}) ,
(b) for an antiparallel n.n. spin pair, the term S+S−+S−S+ interhanges the spins in ψ({m})
with a multipliative onstant −J2 . The SzSz term gives a ontribution J4 multiplied by the same
state ψ({m}) . The eigenvalue equation is given by
Hψ = Eψ = E
∑
{m}
a({m})ψ({m}) (98)
Take the salar produt with a partiular ψ∗(m1,m2, ......,mr) and use orthogonality properties
to get
Ea(m1,m2, ......,mr) = −J
2
∑
{m′}
a({m′}) + J
4
N ′a({m})− J
4
(N −N ′)a({m}) (99)
N ′ is the total number of antiparallel spin pairs so that (N - N ′ ) is the number of parallel spin
pairs. The sum is over all N ′ distributions (m′1,m
′
2, ......,m
′
r) whih arise from a n.n. exhange of
antiparallel spins in (m1,m2, ......,mr). Eq. (99) an further be written as
(E + JN)a(m1,m2, ......,mr) = −J
2
∑
{m′}
[a(m′1,m
′
2, ......,m
′
r)− a(m1,m2, ......,mr)] (100)
Or
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2ǫa(m1,m2, ......,mr) = −
∑
{m′}
[a(m′1,m
′
2, ......,m
′
r)− a(m1,m2, ......,mr)] (101)
where
ǫ =
1
J
(E +
N
4
J) (102)
is the energy, in units of J, of the exited states w.r.t. that of the ground state energy Eg. Next,
one onsiders the PBC from whih one gets
a(m1, ....,mi, .....,mr) = a(m1, ......,mr,mi +N) (103)
The spin waves of a FM system are obtained for n =1.
ψ(m) =
∑
m
a(m)ψ(m) (104)
2ǫa(m) = − [a(m+ 1) + a(m− 1)− 2a(m)] (105)
The solution of (105) is given by
a(m) = eikm
and
ǫ = 1− cosk (106)
From PBC, the allowed values of k are
k =
2πλ
N
, λ = 0, 1, ..., N − 1 (107)
There are N states. Consider now the ase n =2, i.e., there are two spin deviations. We have to
take into aount two ases. If the two spin deviations are not neighbours, one gets
2ǫa(m1,m2) = −a(m1 + 1.m2)− a(m1 − 1,m2)− a(m1,m2 + 1)
−a(m1,m2 − 1) + 4a(m1,m2) (108)
If the spin deviations are neighbours, one gets
2ǫa(m1,m1 + 1) = −a(m1 − 1,m1 + 1)− a(m1,m1 + 2) + 2a(m1,m1 + 1) (109)
Eq. (108) is satised by the Ansatz
a(m1,m2) = C1e
i(k1m1+k2m2) + C2e
i(k2m1+k1m2)
(110)
Then
ǫ = 1− cosk1 + 1− cosk2 (111)
C1, C2, k1 and k2 are to be determined. Eq. (109) an be satised by Eq. (110), if the oeients
C1 and C2 are hosen to make
a(m1,m1) + a(m1 + 1,m1 + 1)− 2a(m1,m1 + 1) = 0 (112)
For spin-1/2 partiles, the amplitudes a(m,m) have no physial signiane but are dened by Eq.
(112). Put Eq. (110) into Eq.(112) to get
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C1
C2
=
sin 12 (k1 − k2) + i{cos 12 (k1 + k2)− cos 12 (k1 − k2)}
sin 12 (k1 − k2)− i{cos 12 (k1 + k2)− cos 12 (k1 − k2)}
(113)
Let C1 = e
iφ
2
and C2 = e
−iφ
2
. Then
2cot
φ
2
= cot
k1
2
− cotk2
2
(114)
Also, PBC gives
a(m1,m2) = a(m2,m1 +N) (115)
This is in aordane with the ordering of mi 's given in Eq. (97). From the PBC, one gets
Nk1 − φ = 2πλ1
Nk2 + φ = 2πλ2
λ1, λ2 = 0, 1, 2, ....., (N − 1) (116)
We have three equations (114) and (116) for the three quantities φ1, k1, k2 . The sum of k1 and
k2 is a onstant of motion by translational symmetry.
k = k1 + k2 =
2π
N
(λ1 + λ2) (117)
Sine λ1 and λ2 an be interhanged without aeting the solution, we hoose λ1 ≤ λ2. For a
given λ1 and λ2, the solutions are ompletely determined by (114) and (116).
The following three ases are to be onsidered for determining the dependene of the wave
numbers k1 and k2 on λ1 and λ2 :
Case I: λ2 ≥ λ1 + 2
Case II: λ1 = λ2 =
λ
2 , λ even
Case III: λ1 = λ2 − 1 = (λ−1)2 , λ odd
In Case I, for a given value of λ2, λ1 an take on the values λ1 = 0,1,2,....,λ2 -2. The total number
of solutions is given by
N−1∑
λ2=2
(λ2 − 1) =N−1 C2 (118)
In this ase, all the wave numbers are real and for speied values of λ1 and λ2 , k1, k2 and φ are
determined uniquely from (114) and (116). The energy eigenvalue ǫI is given by (111) with k1, k2
real. In Case II, from (116),
Nk1 − φ = πλ
Nk2 + φ = πλ (119)
We look for solutions of the form
k1 = u+ iv
k2 = u− iv
φ = ψ + iχ (120)
From (119) and (120), we nd that ψ = 0 and χ = Nv . If v is non-zero, then for N →∞, χ also
→∞. So
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cot
φ
2
=
sinψ − isinhχ
coshχ− cosψ
= −i(1 + 2e−χ)
In a rst approximation,
2cot
φ
2
= cot
k1
2
− cotk2
2
⇒ −2i = sinu− isinhv
coshv − cosu −
sinu+ isinhv
coshv − cosu
or, sinhv = coshv − cosu
or, e−v = cosu (121)
Hene,
ǫ = 2− cos(u+ iv)− cos(u− iv)
= 2− cosu(cosu+ 1
cosu
)
=
1
2
(1 − cos2u) = 1
2
(1− cosk) (122)
From (121), osu≥0, so −π/2 ≤ u ≤ π/2 and k an be hosen to be in the range −π ≤ k ≤ π.
Let us speify the energy obtained in (122), for omplex values of k1 and k2 , as ǫII . Let us now
ompare ǫI and ǫII . From (111),
ǫI = 1− cosk1 + 1− cosk2
= 2− 2cos1
2
(k1 − k2)cos1
2
(k1 + k2)
= 2− 2cos1
2
(k1 − k2)cosk
2
(123)
The value of k lies in the range −π ≤ k ≤ π . For eah value of k, k1 − k2 lies in the range
0 ≤ (k1 − k2) ≤ 2π . Thus if one plots ǫI against k, one gets a ontinuum of sattering states
(Figure 7).
Now, the minimum value of ǫI is
ǫminI = 2− 2cos
k
2
(124)
From (122),
ǫII = 1− cos2 k
2
(125)
Thus,
ǫII
ǫminI
=
1
2
(1 + cos
k
2
) ≤ 1 (126)
We nd that ǫII<ǫ
min
I for k 6=0. For k= 0, the bound state is degenerate with an eigenstate
belonging to the ontinuum of sattering states and having the energy eigenvalue zero. Thus there
are N-1 bound state solutions.
We now onsider the wave funtions in Cases I and II. Fos Case I, k1, k2 and φ are real and
a(m1,m2) = e
i(k1m1+k2m2+φ/2) + ei(k2m1+k1m2−φ/2) (127)
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The state desribes the sattering of spin waves. The `phase shift' φ results from the mutual
interation between the spin waves. Sine spin operators at two dierent sites ommute, the
exitations behave like bosons and the amplitude a(m1,m2) is properly symmetrized to reet the
bosoni nature of the spin waves. In Case II, from (120) and with ψ = 0 and χ=Nv, we get
a(m1,m2) = e
iφ/2ei(k1m1+k2m2) + e−iφ/2ei(k2m1+k1m2)
= eik/2(m1+m2)
[
e−Nv/2−v(m1−m2) + eNv/2+v(m1−m2)
]
= 2ei
k
2
(m1+m2)coshv
[
N
2
− (m2 −m1)
]
(128)
If we normalise these states, we see that the two reversed spins tend to be loalised at n.n. positions;
| a(m1,m2) |is a maximum for m2 = m1+1 and has an exponential deay for m2 > m1+1 . The
width of the bound state is given by v and u is the veloity of the entre of mass of the bound
omplex in the hain. The Case II solutions represent the bound states of two spin waves.
Finally, we onsider Case III,i.e., λ1 = (λ− 1)/2 and λ2 = (λ+ 1)/2 (λ odd). From (116), we
get
Nk1 − φ = π(λ − 1)
Nk2 + φ = π(λ + 1) (129)
A solution of (129) is k1 = k2 and φ = π. Then from (127),
a(m1,m2) = e
ik/2(m1+m2) [exp(iπ/2) + exp(−iπ/2] = 0 (130)
For omplex k1, k2 and φ, ψ = π and χ = Nv from (120). For N → ∞ , we obtain the same
solutions as we nd in Case II.
For the general ase n = r, Bethe proposed a form for the amplitude a({m}) (the elebrated
BA) whih is a generalisation of the amplitude in the n =2 ase.
a(m1,m2, ......,mr) =
∑
P
exp

i r∑
j=1
kPjmj +
1
2
i
1,r∑
j<l
φPj,P l


(131)
The sum over P denotes a sum over all the r! permutations of the integers 1,2,...,r, Pj is the
image of j under the permutation P. Eah term in (131) has r plane waves sattering against one
another. For eah pair of plane waves, there is a phase shift φj,l . The sum over permutations is
in aordane with the bosoni nature of the waves, the spin waves, propagating along the hain.
For r spin deviations several possibilities our: none of the spin deviations our at n.n. sites,
only two of the spin deviations our at n.n. sites, more than a single pair of spin deviations our
at n.n. sites, three spin deviations our at n.n. sites and so on. However, only the rst two
possibilities need to be onsidered to solve the eigenvalue problem, the other possibilities do not
give any new information [51℄. For r= 3, let us now write down the amplitude a(m1,m2,m3) in
the BA form given by (131).Sine r =3, the sum ontains 3! = 6 terms.
a(m1,m2,m3) = e
i(k1m1+k2m2+k3m3)+i/2(φ12+φ13+φ23)
+ ei(k1m1+k3m2+k2m3)+i/2(φ12+φ13+φ32)
+ ei(k2m1+k1m2+k3m3)+i/2(φ21+φ13+φ23)
+ ei(k3m1+k1m2+k2m3)+i/2(φ12+φ31+φ32)
+ ei(k2m1+k3m2+k1m3)+i/2(φ21+φ31+φ23)
+ ei(k3m1+k2m2+k1m3)+i/2(φ21+φ31+φ32) (132)
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For the general ase n = r, i.e., r up-spins, one an proeed as in the n = 2 ase and obtain the
following equations:
ǫ =
r∑
i=1
(1− coski) (133)
2cot
1
2
φj.l = cot
kj
2
− cotkl
2
,−π ≤ φj.l ≤ π (134)
Nki = 2πλi +
∑
j
φij (135)
The Eqs. (134) are r(r-1)/2 in number. Sine φjl = −φlj , there are only r(r-1)/2 distint φ's. The
Eqs. (135) are r in number. These r equations along with the r(r-1)/2 Eqs. of the type (134) give
r(r+1)/2 equations in as many unknowns. Thus the equations an be expeted to have solutions.
Bethe showed that they also give the orret number of solutions.
We now onsider a partiular type of solution, in whih the r deviated spins form a bound
state and move together. The following simplied analysis has been given by Ovhinnikov [52℄.
One assumes that r <<N and that only the phases φ12, φ23, ....., φr−1,r are large. One may put
Imφl−1,l > 0 without any loss of generality. Then from (135),
Imφ12 = NImk1 = Nx1
Im(φ23 − φ12) = NImk2 = Nx2
Imφr−1,r = Nxr (136)
One has∑r
i=1 xi ≥ 0 for all r. Substituting in (Eq. (134)), one gets to an auray e−N
2cot
φ12
2
= 2i
ei(Reφ12+iImφ12) + e−i(Reφ12+iImφ12)
ei(Reφ12+iImφ12) − e−i(Reφ12+iImφ12) = −2i (137)
Thus,
− 2i = cotk1
2
− cotk2
2
−2i = cotk2
2
− cotk3
2
etc. (138)
So,
cot
kl
2
= 2i+ cot
kl−1
2
(139)
The solution is given by
cot
kl
2
= 2il+ C (140)
To determine C, introdue the total momentum of the deviated up-spins
k =
r∑
i=1
ki =
2π
N
r∑
i=1
λi
The wave funtion ψ is multiplied by eik due to a shift mi → mi + 1 and the energy levels are
haraterised by k. One gets
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C =
2ri− i(eik − 1)
eik − 1
eikl =
r + l(eik − 1)
r + (l − 1)(eik − 1) (141)
ǫ =
r∑
l=1
(1− coskl)
=
1
r
(1− cosk)
The results an be generalised to the Hamiltonian with longitudinal anisotropy
H(J, σ) = −J
N∑
i=1
[
Szi S
z
i+1 + σ(S
x
i S
x
i+1 + S
y
i S
y
i+1)
]
(142)
The anisotropy parameter σ lies between 0 and 1. The multimagnon bound states were rst
deteted in the quasi-one-dimensional magneti system CoCl2.2H2O at pumped helium tempera-
ture in high magneti elds by far infrared spetrosopy [53℄. Later improvements [54℄ made use
of infrared HCN/DCN lasers, the high intensity of whih made possible observation of even 14
magnon bound states.
We now desribe the alulation of the ground state energy of the HAFM Hamiltonian using
the BA. The sign of the exhange integral hanges from - J to J (J > 0) and ǫ = (E−JN/4)J . The
BA Eqns. are still given by (133)-(135), only there is an overall `minus' sign on the r.h.s. of (133).
In the AFM ground state, N/2 spins are up (r=N/2) and N/2 spins down. The numbers λi 's are
ordered as
0 < λ1 ≤ λ2 ≤ λ3 ≤ ....... (143)
Again, λj+1 ≥ λj + 2 , for real ki 's (Case I ). There is a unique hoie of the λi 's as
λ1 = 1, λ2 = 3, λ3 = 5, ...., λN
2
= N − 1 (144)
The ground state has total spin S = 0 and is non-degenerate. The total ground state wave vetor
is
P =
N/2∑
i=1
ki =
2π
N
(1 + 3 + ........+ (N − 1)) = π
2
N (145)
If N = 4m, m positive, the wave vetor is 0 (mod 2π ); if N = 4m+2, it is π (mod 2π). The ground
state energy is alulated by a passage to the ontinuum limit:
λj =
2j − 1
N
→ x (146)
1
N
N/2∑
l=1
φjl → 1
2
∫ 1
0
φ(x, y)dy (147)
Eqs. (133)-(135) beome
2cot
1
2
φ(x, y) = cot
1
2
k(x)− cot1
2
k(y) (148)
k(x) = 2πx+
1
2
∫ 1
0
φ(x, y)dy (149)
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ǫ = −
N/2∑
j=1
(1− coskj)
= −N
2
∫ 1
0
(1 − cosk(x))dx (150)
We note that when x = y, φ jumps from π to - π and
∂φ(x, y)
∂x
= −2πδ(x− y) + 2 d
dx
(cot−1
B
A
) (151)
where A =2 and B = cotk(x)2 − cotk(y)2 . Thus from (149), we get
dk
dx
= π + cosec2(
k
2
)
dk
dx
∫ 1
0
dy
4 + {cot 12k(x)− cot 12k(y)}2
(152)
Put
g = cot
1
2
k (153)
and
ρ0(g) = −dx
dy
(154)
Then from (152), we get the integral equation derived by Hulthén
2
π(1 + g2)
= ρ0(g) +
2
π
∫ +∞
−∞
ρ0(g
′)dg′
(4 + (g − g′)2) (155)
The integral equation an be solved by the method of iterations,
ρ0(g) =
2
π(1 + g2)
− λ
∫ +∞
−∞
ρ0(g
′)dg′
(4 + (g − g′)2) (156)
(at the end of the alulation λ is put equal to 2/π). On iteration, (156) beomes
ρ0(g) =
2
π(1 + g2)
− λ
∫ +∞
−∞
dg1
(g1 − g)2 + 4
×
[
2
π(1 + g21)
− λ
∫ +∞
−∞
ρ0(g2)dg2
(4 + (g2 − g1)2)
]
(157)
One an ontinue to iterate (157) to generate higher order terms in λ.
ρ0(g) =
2
π(1 + g2)
− λ 2
π
∫ +∞
−∞
dg1
(4 + (g1 − g)2)(g21 + 1)
+ λ2
2
π
∫ +∞
−∞
dg1dg2
(4 + (g1 − g)2)(4 + (g2 − g1)2)(g22 + 1)
− λ3
∫
................... (158)
One an alulate the integrals in (158) by the method of residues. For example,
2
π
∫ +∞
−∞
dg1
(4 + (g1 − g)2)(g21 + 1)
=
3
g2 + 9
(159)
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Putting λ = 2pi , we nally obtain the solution of the integral equation (156) as
ρ0(g) =
2
π
[
1
g2 + 1
− 3
g2 + 32
+
5
g2 + 52
− ..........
]
(160)
The series in (160) is uniformly onvergent and one gets,
ρ0(g) =
1
2
sech
πg
2
(161)
Thus,
ǫ = −N
∫ +∞
−∞
ρ0(g)
1 + g2
dg = −Nln2 (162)
In absolute measure, the ground state energy Eg is
Eg =
NJ
4
− JNln2 (163)
The low-lying exitation spetrum has been alulated by des Cloizeaux and Pearson (dCP) [55℄
by making appropriate hanges in the distribution of λ′is in the ground state. The spetrum is
given by
ǫ =
π
2
| sink |,−π ≤ k ≤ π (164)
for spin 1 states. The wave vetor k is measured w.r.t. that of the ground state. A more rigorous
alulation of the low-lying exitation spetrum has been given by Faddeev and Takhtajan [56℄.
There are S =1 as well as S = 0 states. We give a qualitative desription of the exitation spetrum,
for details Ref. [56℄ should be onsulted. The energy of the low-lying exited states an be written
as E(k1, k2) = ǫ(k1)+ǫ(k2) with ǫ(ki) =
pi
2 sinki and total momentum k = k1+k2 . At a xed total
momentum k, one gets a ontinuum of sattering states (Figure 8). The lower boundary of the
ontinuum is given by the dCP spetrum (one of the k′is = 0). The upper boundary is obtained
for k1 = k2 = k/2 and
ǫUk = π | sin
k
2
| (165)
The energy-momentum relations suggest that the low-lying spetrum is atually a ombination of
two elementary exitations known as spinons. The energies and the momenta of the spinons just
add up, showing that they do not interat. A spinon is a S = 1/2 objet, so on ombination they
give rise to both S=1 and S=0 states. In the Heisenberg model, the spinons are only noninterating
in the thermodynami limit N→ ∞. For an even number N of sites, the total spin is always an
integer, so that the spins are always exited in pairs. The spinons an be visualised as kinks in
the AFM order parameter (Figure 9). Due to the exhange interation, the individual spinons get
deloalized into plane wave states. Inelasti neutron sattering study of the linear hain S=1/2
HAFM ompound KCuF3 has onrmed the existene of unbound spinon pair exitations [57℄.
In the ase of integer spin hains, the spinons are bound and the exitation spetrum onsists of
spin-w! ave-like modes exhibiting the Haldane gap. The BA tehnique desribed in this Setion
is the one originally proposed by Bethe. There is an algebrai version of the BA whih is in wide
use and whih gives the same nal results as the earlier tehnique. For an introdution to the
algebrai BA method, see the Refs. [58,59℄.
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Figure Captions
Figure 1. Ising spins on a triangular plaquette.
Figure 2. An example of a RVB state.
Figure 3. The Shastry-Sutherland model.
Figure 4. Five types of interations in the J1 − J2 − J3 − J4 − J5 model.
Figure 5. Four olumnar dimer states.
Figure 6. A two-hain spin ladder.
Figure 7. The ontinuum of sattering states (solid lines) and the bound state
(dotted line) of two magnons.
Figure 8. Continuum of sattering states for the S = 1/2 Heisenberg AFM hain.
Figure 9. A two-spinon onguration in an AFM hain.
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